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SU~1NARY

Let X be a nonnegative integer—valued rand om variable whose distribut cn

is that of the sum of a geometric variable Y with parameter ~ and a nor.negativ

integer-valued random variable Z independent of Y whose distr ibution does nut

depend on 9. The variable X is said to have acorvulu ted geometric distribution.

The class of all such dis tributions are here characterized by a syst m of

differential equations satisfied by their probabili ty mass functions. Tb~

characterization is shown to be useful in 1:~imum likelihood estimatiun of

the parameter 9 when the distribution of Z is known .

I . INTRODUCTIO N

There are many sources in nature that giv~ rise to discr to data in tb

form of s ignals  p lus aoi~~e.  For examp le , dat a obtain .ed by a G~’ia~’r courter

may be viewed as :~Ums of counts  due to the presence of a radioactive sub~ tane~

and coun ts due to noise or static. Other e:•.amp lcs in wh ich d i s c ret e  s ignal

p lus noi se mode ls appropria tel y describe random phenomena occur in the use of

sonar for bottom fishing (see Cushing (1973), fur ex~ mnlo~~, in  phvs io i o~~ica I

processes such as synaptic transmission cf neural i m p u l s s (5~~ e R~it: (l~~ o),

Samaniego (1976)), and in sing le server queues in wh i c h  individu als arriving

for service can be classified into m u t u a l l y  ex c l u s i v e  cat~ ~‘ri~~ ( s e t ’ , fur

examp le , Shonick ( 19 7 0 ) ) .  In s it ’~at ions such as these wh n the  c.h~ rv” l

random var iab le  p r e s e n t s  i t s e l f  as the sum of in d ep en d en t  discrete variabl es ,

i t s  d i s t r i b u t i o n  may he d e s c r i b e d  as a d i s c r e t e  si~~r .a~ p lus ne~ so d i s t r i b t i t  i e n .
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A one n a r a m ot e r  d i s t r i b u t i o n  might  be v i ewed  as a p n r ~ ‘n i a t  w h e n  the noise

va r i ab l e  can be observed alone , bu t  the s ignal , whose d i s t r i b u : i o n  h~~len ~~s

to a one parameter fami ly , can be observed onl y in the  p r o s~ nce of no i se . lb.:

n o i se  d i s t r i b u t i o n  may be e s t i m a t e d  w it h  h i p h  n r e c i : - i : n  b a s ed  on au :< i 1 i a r ~.’ s am n 1 i :~ ;

on the no ise var iab l e , and thus mig h t  be a s su m ~ d e nu a l  to the  • ‘r : n ir ica l  d i s t r i b u t io n .

Let Y be a geometric random variable w i t h  p r o b a b i l i ty  m a s s  f u n c t i o n

givers  by

p~~(Y = k )  = ( 1 - Q ) Q ~ k = 0 . 1 .2 , . . .

where 9 (0 , 1). If Z is a nonnegat ive  i n te g e r - v a lu e d  r a n d ~- o  v ar i a b l e

independent of Y, and X = Y+Z , then the p r o b a b i l i t y  mass  f u n c t i o n  of  X is

the convolution of the sequences {P 9 cf = i)~ and P ( Z  = i)~’ . Such convclut ’ d

geometric distributions arise in a familiar life testing conto :’:t . Sunpose

the lifetime (in hours) of an item on test is distributed accordinv to an

exponential distribution with density

f
\

(x)  = x 0

where ~ > 0. The number of hours  of l i fe  of the i t em has  a g e o m e t r i c  d i s —

t r i b u t i o n  wi th  parameter  9 = e \  If the  it e ’:ns or. t e s t  are not in s p e c te d

h o u r l y,  and the l i f e t i m e  is recorded as the n u n i h e n  of hours  be fore the wear-

out is observed , then the  recorded l i f e t i m e  mi :~hr h mode lled as a convoluted

geometr ic  va r iab le .  For examp le , i f  ins~ .’c t i ~~r. o e e ’t r s  i n sb ’m n d e n t l v  w i t h

p robab i l i t y  p each hour .  Then the  r e c o r d - I  l i f e t i m e  is tb .  sum of  two

independent  geometr ic  v a r i a b le s .  I f  t he  r cc o rd i n~ of a y ’ar- eu t is d~~l~ v ’d

one hour w i t h  p r o b a b i l i t y  p ,  t h e n  tb  r e c o r d . d l i t  et  ims ’ is  t b  ~z t t m  of

independent  geometr ic  and ib’rneull! v a r i a h t ’ . .

IIIIL.S ,st_ — - - - ____________
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• Estimation problems for specific signal p lus no i se  d i s t r i b u t i o n s  have

been examined by several  a u t h o r s . For examp le . C af i ev  (1959) constructed

a consistent extimator for the distribution of one component of a

continuous signal plus noise distribution . Sclove and Van Ryzin (1969)

der ived method of moments e s t i m a t o r s  for a variety of multi pa rameter signal

p lus no i se  d i s t r i b u t i o n s. There has been only limited success in maximum

l ike l ihood e s t i m a t i o n  for  such models due to the cumbersome nature of the

likelihood function , which , f or discre te signals , consists of the  p roduc t

of (possibi’: infinite) sum s involving the p robab i l i t y  mass f u n c t i o n  of the

s igna l .  Samaniego ( 1976~ examined  maximum l ike l ihood  e s t i m a t ion  for  one

parameter convoluted Poisson distributions , solving the e s t i m a t i o n  problem

for cer ta in  f ami l i e s  of such d i s t r i b u t i o n s .

In th i s  paper , the fami ly of convolu ted  geometric d i s t r i b u t i o n s  is

charac te r i zed  by a sys tem of d i f fer e n t i a l  e q u a t i o n s  s a t i s f i e d  by th o i r

probabili ty mass functions. An app l i ca t i on  of the cha racter i :at ion  r e s u l t

to maximum likelihood estimation of the geometric parameter is presented .

II. TF~ CHARA CTERIZATION RESULT

A variety of characterizations of the geometric distribution , or m ore

generally, the negative binomial distribution , may be found in the literature .

Ferguson (1965) characterizes the geometric distribution in terms of the

independence of the minimum and the  d i f f e r e n c e  of two independent discrete

variables. The ne:~ative binomial distribution is characterined by ~bitz (1946)

l~~_ _ _.~_ —
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via a difference equation satisfied by its probability mass function

together with a moment condition. A characterization of the negative

binomial distribution by systems of differential equations satisfied by

its probability mass functionwas obtained by Boswell and Patil (1973).

This latter result bears a resemblance to the characterization established

here , but does not reduce to a characterization of the geometric

distribution alone and is based on differential equations of a substantially

different form. Moreover , their resul t hypothesizes the existence of

moments of all orders , a requirement not made in the result below.

Theorem. Let X be a nonnegative integer-valued random variable whose

distribution is indexed by a parameter 9 E (0,1). Then

P
9
(X = n) n

~~ 
P
e
(X = n) = - 

1 9  + E ~3 P
Ø
(X n-j) ~n,YQ (1)

• 3 1

if , and only if, the distribut ion of X is a convolution of the geometric

distribution with parameter 9 and the distribution of a nonnegative integer

valued random variable which does not depend on 9.

Proof. Let (p~ , i = 0,1,.. .} be a sequence of constants such that

p .E[0,1]’~i and 2 p . = 1. Let X be a random variable whose probability
1 

1=0
1

mass function is

P
Ø
(X = n) = 

i~ O 
(1~~ 9)9

’
~~~~ . (2)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - -
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Then

-p-- p (X = n) = - Z Q’p . + i(1 - 9)9~~
1
p

i=0 ~~~ 1=1 
f l L

P(X = n) n .1 n . .

= - 
1-9 

+ 93 
•
2

•
(1. - Q)91 3 p .

j=l 1=3

P
9
(X=n) n

=
~~~ 1-9 ~~~~~~ P

6
(X n-j).

3 1

Thus , the probability mass function of a convoluted geometric distribution

satisfies (1). Conversely , suppose the distribution of X satisfies (I).

We show that there exists a sequence fp . , i = 0 ,1,.. .j ,with p i
E [0,11 ~i,

such that P
9

(X = n) satisfies (2) ~n. The fact that Zp. 1 follows from

the equation 2P9
(X n) = 1. The proof is by induction . For n = 0, we

have
P9 ( x = 0 )

~~~P9(X 0) = - 

1-6

which may be written

~~~~~~~~~~~~~~~ 

p
9
(X = 0) + 

(1—1)
2 P(X = 0) = 0 (3)

Equating the indefinite integrals of both sides of (3), we obtain

P
8
(X = 0) 

—

1-8

or

P
9

(X = 0) = (1 - 9)p
0
. •1~

Since (1 -Q)p
0 must be a probability for all 9 E (0,1), we have that

P0 € [0,1]. We now assume that for r < k,

r
p~ (X = r) = 2 (1 -9) 9 p 

-
. 
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where P . E [0,1] for j = 0,1,... ,r, and show that (2) holds for n = k.

We have

P’K — k” 
k ,j - l

— 
‘ + z o  P ( X = k - j )oQ 9 1 - 9  .

=
~~ 

9

which , by the induction hypothesis , may be written

p
9

(X  = k) P
8

( X = k) 
— j-l i-i

1- 9 
— 

2 ‘
~~(1 — 0) j=l

which simplifie s to

-~- P (X = k )  P ( X = k )  k

1 - 9 2 = L 1 ~ ~k-i(1 - 9) i=1

Equating ~~nite integrals of both sides of (4), we obtain

P
9
(X = k )  k
1 Q = 2 9  p 1 . + p .

i=1 
-1

The fact tha t E [0 ,11 follows from the boundary condition that

PQ (X = k) E [0,1] for all 9 E (0,1). We thus have

k
P
9
(X= k) = 2 (1-9) 9

1

1

with Pj E [0,1] for j = 0,1,... ,k, completing the proof.

III. AN APPLICATION

The natural domain in which to app ly the characterization result above

is maximum likelihood estimation of the geometric parameter 9 under the

assumption that the noise distribution [p.) is known . As stated earlier ,

the assumption of a known noise distribut ion may be realized when the noise 

-- -- —--~~~~
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variable may be samp led by itself. Maximum likelihood estimation of 9

may be facilitated by application of the characterization result when the

tnonotonicity property below obtains .

Definition. Let [p , 9 E E) be a family of distributions on the integers

indexed by a real-valued parameter 0. The family is said to have strong parametric

monotone decreasing ratio (strong PNDR) if for any a < b receiving positive

mass for every 9 E •E, the ratio

a)

p
9
(X=b)

is decreasing in 9.

This definition extends the notion of parametric monotone decreasing ratio

introduced in Samaniego (1976) to a stronger property which is relevant in the

estimation problem at hand.

Suppose a random sample X1,...,X is obtained from a convoluted

geometric distribution . Denote the likelihood function by

L(x 1,. . ~X~~~ Q) =
i~1 

P
8
(X . = x.).

The characterization result implies that the likelihood equation Ln L = 0

may be written as

Ii 
fl 

1 
(X . = x.-j)

2 2 P 1 X )~~~~
= 0 (5)

i=l j=1 ev i
_ x

i -
•

It is clear from (5) that if a convoluted geometric distribution has strong

PNDR, the derivative of the likelihood function is strictly decreasing and

the likelihood equation has at most one solution . Thus , the maximum



9

likelihood estimate of 0 is either zero or the unique solution of the

likelihood equation. The MLE may be approximated numer ically to any

desired degree of accuracy using the fact that the function -
~~~~ £n L may

cross zero only once .

The geometric distribution itself has strong PMDR . An examp le of a convoluted

geome tric dis tribu tion wi th strong PMD R is given below.

Example 1. Let X = Y+Z where Y is geometric with parameter 9 and Z is

Bernoulli with known parameter p. Let 0 < a < b , and consider

= a) 
= 
9b-a-l~~1 - 9)9

a 1
p + (1 -

p
9

(X = b) (1 - Q )0b_ l + (1 - 9) Qb ( 1 )

p ÷ (l— p)
= 

p + 0 (l-p)

which is decreasing in 9. If a = 0 < b ,

b-a-l8 P9(X = a )  
_ _ _ _ _ _

P
9
(X = b) 

= 
p + O ( l p)

which is also decreasing in 9. Thus , this convoluted geometric distribution

has the strong PMDR property .

There are convoluted geometric distributions for which the maximum

likelihood estimation of 9 poses an extremely cumbersome analytical problem.

Examples can be constructed in which the likelihood equation has any fixed

number of solutions. The example below illustrates maximum likelihood

estimation of 9 for a convoluted geometric distribution without strong PMDR.
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Examp].e 2. Let Z be a random variable with probabili ty mass function

i f n = 0

200
i f n = l

P(Z = n) = 420
i f n = 2

jf~~~ = 32016

0 otherwise

Let Y be a geometric variable with parameter 9, and let X = Y + Z. Suppose

one observation is taken on X, and X 3 is observed. The equat. -~n L = 0

has solutions at 9 = .1, .2 and .3, the first and last corresponding to

local maxima. The likelihood is maximized at both of these value s, and

either may serve as the MLE.

Since maximum likelihood es timation of 9 is in general equivalent to
n

finding zeros of a polynomial of degree 2 x~ , where x is the vector of
i=l 1

observations, the characterization result presented here , together with the

strong PMDR property when it is applicable , provide a significant simplific-

ation of the problem.

I
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